MA 180 Precalculus (Scott) Chapter 5: Trigonometric Functions

Section 6.1: Angles and Their Measure

L ear ning Obj ectives:

1. Convert between Decimals and Degrees, Minutes, Seconds Forms of Angles

(p. 354)
2. Find the Arc Length of a Circle (p. 356)
3. Convert from Degrees to Radians and from Radian to Degrees (p. 356)
4. Find the Area of a Sector of a Circle (p. 359)
5. Find the Linear Speed of an Object Traveling in Circular Motion (p. 360)
l‘/ Ray Line
y ¥
3R G . {_‘5\5\%\2’
\%‘N\%%\ B//—* ’\g@\*\% /, Tfﬂ“‘\“ Terminal side \ _| \ﬂ Voo
Vertex Initial side \ Vertex / Initial side \ Vertex ,/Initial side Vertex| Initial side X _/ Initial side X
N i \,/ Terminal side / | 9

Counterclockwise Clockwi ) Counterclockwise
rotation ockwise rotation rotation

. Negative angle
Positive angle g L

Positive angle

(a) 6isin standard position;
6 is positive

(b) 6 isinstandard position;
0 is negative

Degrees
/ :\\ Terminal side Te‘rsri]{]ienal
A Initial side _ . ‘
Ve}é;/ i\ | counterclockwise revolution = 360°

(a) 1 revolution
counterclockwise, 360°

"

Vertex Initial side

(b) right angle, 3—1 revolution
counter-clockwise, 90°

1° = 60’

1 = 60"

L ]
Terminal side Vertex Initial sice

(c) straight angle, 15 revolution
counter-clockwise, 180°

1. Convert 8732¢5@ to adecimal in degrees.
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Radians

Initial side Initial side

http://id.mind.net/~zona/mmts/trigonometryReal ms/radianDemol/RadianDemol.html

2nd arc
length equal
to radius
3rd arc J, Ist arc
length equal length equal
to radius \ / to radius
Last arc
<€ |ength equal
to 0.28 of
4th arc =7 a radius

length equal
to radius

\
/ 6th arc

5th arc length equal
length equal to radius
to radius

11p

2. Convert - = to degree measure.
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Section 6.2: Trigonometric Functions: Unit Circle Approach

L ear ning Obj ectives:

1. Find the Exact Vaues of the Trigonometric Functions Using a Point on the Unit Circle (p. 367)
2. Find the Exact Vaues of the Trigonometric Functions of Quadrantal Angles (p. 368)
3. Find the Exact Vaues of the Trigonometric Functions of " =45 (p. 370)
4. Find the Exact Values of the Trigonometric Functions of % =30 and % =60 (p. 371)
5. Find the Exact values of the Trigonometric Functions for Integer Multiples of
P-3y Poss and R =60 (p. 374)
6 4 3
6. Use a Calculator to Approximate the Values of the Trigonometric Functions of Acute
Angles (p. 375)
7. UseaCircle of Radiusr to Evaluate the Trigonometric Functions (p. 376)
Let 1 be a real number and let P = (x, y) be the point on the unit circle that
corresponds to f.
The sdne fanction assoaates with ¢ the veoordinate of P and s denoted by fID - {)( I‘f} )
| = | | §=tunits
sint =y [
y‘h IIII IIII' I
1 |'I I."ll f

The cosine function associates with / the x-coordinate of P and is denoted by

| cost = x |

s = tunits

)]0 X

to the x-coordinate of P and is denoted by

If x # 0, the tangent function associates with { the ratio of the y-coordinate C

y
tant = —
X

Let f be a real number and let P = (x, y) be the point on the unit circle that

corresponds to I.
y.h

A

-

If y # 0, the cosecant function is defined as 1

(:SCI:l \
y N .
(1, 0)\0
|II '\Illl

If x # 0, the secant function is defined as ] :)-(
1 ,
secl = — s =It| units

— 1 \
If y # 0. the cotangent function is defined as

Tf

\ s =Itlunits

X
cotr 2; |

P=(XxY)
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The Unit Circle: X2+y2=1

(-1/2. 43
(-1N2, 1A

{{3/2, 1/2) / 5xi6

(1. 00 [+

{0, 1)

v
=32 =2

(172,43

142, 142

=6\ (V3/2. 1/2)

o (1.0}

(32, -1/ -5ni6

{-142, -1N2)

(-1/2. 32

Ina 45°-45°-90° triangle, the
hypotenuse is ﬁ times as long

as each leg,
45°-45°-90°
B
45
1
X
45 i
A X c

(V3/2. -1/2)

(12, -1A42)

(112, +3/2)

30°-60°-90°

Ina30°-60°-90° triangle, the
hypotenuse is twice as long as
the shorter leg, and the longer

leg is ﬁ times as long as the
shorter leg.
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SineFunction: f(X)=9n X

sin X

%)m|8'0 o | o] x

Domain:

v

A

Range:
Symmetry:
Period:
X-intercepts:
y-intercept:

relative extrema

CosineFunction: f (X)=C0osXx

COS X

Boe[o [ve | o]x

Domain:

Range:

o

v

A

Symmetry:
Period:
X-intercepts:

y-intercept:

Page 5 of 16
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For an angle # in standard position, let P
terminal side of & that 1s also on the circle x= +

£ .
- v = r°,. Then

{x.¥) be the point on Lhe

cos i =

1] cot il =

tan @ = xr # 1)

R R

y=0

1. Mark the following angles on the unit circle below and give the coordinates of the point determined by each

angle to four decimal places. (An example has been done for you.)

a. 100°

b. -7radians

c. -200°

d. 3radians

e -720°

2. Find two angles, one positive and one negative, that have the same

P

a sneas - —
3

y

A

\.\ 45° (7071, .7071

\ 4

A

<

b. cosine as 53°

Give the exact value of the trigonometric functions if: (Hint:

Use the fact that the trigonometric functions are periodic. Do

sin(@ + 2wk) = sin @

cos(f + 2wk) = cos 0

where k is any integer

not use a calculator).

a t=%&
b. t=-%

A Tungtion [ is called periodic if there is a
positive number gsuch that, whenever @ 15 in the

domain of f, sois 8 + p,and

f(@+ p) = f(8)

Il there s o smallest such oumber p. this smallest

value is called the (fandamental) period of §

Evauate. Round your answer to four decimal places. (Check your calculator mode!)

a0 - °
a sec(-5.42) b. CSC%@ C. sin (76.4°)
Find approximations to two decimal places
for the coordinates of points A and B.
Page 6 of 16

d. cos (35° 189

A
v

215

v -72°
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Even-Odd Properties

sin(—#) = —sinf cos(—#) = cos 6

tan(—60) = —tan 6
csc(—6) = —csch sec(—#) = secH

cot(—#) = —cot ¥
6. Given sing =T and g is an acute angle, find the following:
a.csc(-q)= b.  sn(q+2)= c. cosfg-q)= d.sn(q+p)=
7. Usethefunction value, tant = - £, to find the values of
a tan (-t) = b. cot (t) =

Page 7 of 16
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Fundamental Trigonometric ldentities

sin 6 cos b0
tan @ = cotl = —
cos 6 sin 6
7 1 6 1 to !
csch = — sec = coth =
sin 6 cos b tan 6
sin@ + cos? 6 = 1 tan’0 + 1 = sec? 0 cot?’h + 1 = csc? 0

Finding the Values of the Trigonometric
Functions When One Is Known

Given the value of one trigonometric function and the quadrant in which 6
lies, the exact value of each of the remaining five trigonometric functions can
be found in either of two ways.

Method 1 Using a Circle of Radius r

Step 1I: Draw a circle showing the location of the angle 6 and the point
P = (x,y) that corresponds to 6. The radius of the circle is

r = \/x2+y2.

STEP 2: Assign a value to two of the three variables x, y, r based on the value
of the given trigonometric function and the location of P.

StEP 3: Use the fact that P lies on the circle x> + y*> = 72 to find the value of
the missing variable.

STEP 41 Apply the theorem on page 382 to {ind the values of the remaining

trigonometric functions.

Method 2 Using Identities

Use appropriately selected identities to find the value of each of the remaining
trigonometric functions.

8. Find the values of the remaining trigonometric functions given: (Use your Fundamental Trig
Identities.)

a tanb =5 and cosb <0 b. cosa = and sha <0

IS

Page 8 of 16



MA 180 Precal culus (Scott)
Chapter 6: Trigonometric Functions

Tangent Function: f(X) =tanx

tan x

-B)Mlﬁ’_o'\:rc (@] P

Domain:

Range:

Vertical Asymptote(s):
Symmetry:

Period:

X-intercepts:

y-intercept:

A

Cotangent Function: f (X) =cotx

cot X

-Ia)ml-&’_ONIUOX

Domain:

Range:

Vertical Asymptote(s):
Symmetry:

Period:

X-intercepts:

y-intercept:

v

A

Page 9 of 16
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Secant Function: T (X) =secx
COSX | secX

-B)Mlﬁ’_o'\:rc o X

Domain:

Range:

v

Vertical Asymptote(s): < | |
Symmetry:

Period:

X-intercepts:

y-intercept:

Cosecant Function: f (X) =CsCX
SnXx | cscx

-B)Nl-B’_OMrO (@] P9

Domain:

Range:

Vertical Asymptote(s): « I |
Symmetry:

Period:

X-intercepts:

y-intercept:

Page 10 of 16
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Sinusoidal Graphs T (X) = ASiI"I(W X- f )+ Band f(X)= ACOS(W X- f )+ B

sn x-cosgx— po

Amplitude: f(X)=AdnN Xand f(X) = ACOSX

Graph the following on the axes.

f (X)=9nx
g(X)=29nx 1
h(x) =39n x T
| | | | R
| | | | ]
. p o] 3p 2p
1 2 2
f (X) = cosx 1
| | | | R
g(X) =3cosx | | | | ]
4 p D 3p 2p
1 2 2

Page 11 of 16
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Period: Y=9NW X and Y =COSW X
Graph the following:

f(X)=9nx

g(x) =9n 2x

. X
h(xX)=9n=
(X) 5

Graph thefollowing:

f (X) = cosx

v

g(X) =cos2x

h(x) = cosg

BN

e

E\_/21T
(1]
y=Asin(wx), A>0,w=>0

27
Period = -

Theorem

X

If w = 0, the amplitude and period of
y = Asin(wx) and y = A cos(wx) are

Amplitude = |A|

Period =T =

-

™

{r

Page 12 of 16
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SUMMARY  Steps for Graphing a Sinusoidal Function of the Form y = Asin(wx) or
y = Acos(wx) Using Key Points

SteP 1: Determine the amplitude and period of the sinusoidal function.

27

SteP 2: Divide the interval {0, —1 into four subintervals of the same length.
w

SteP 3: Use the endpoints of these subintervals to obtain five key points on the graph.

SteP 4: Plot the five key points with a sinusoidal graph to obtain the graph of one cycle. Extend the graph in
each direction to make it complete.

One cycle y = Assin(wx — ¢), A = 0,

y w=>0,¢d =0
A
K\ | | .
X
—A w \_/IE_TF_'_Q
- w w

|

|

Phase! |

shift |« period =27 |
)

For the graphs of y = Asin(wx — &) or
y = Acos(wx — ¢),w = 0,

8 ; . 27 - b
Amplitude = |A| Period = T = = Phase shift = =

The phase shift is to the left if & < 0 and to the rightif ¢ = 0.

SUMMARY  Steps for Graphing Sinusoidal Functions y = Asin{wx — ¢) + B
or y= Acos(wx — ¢) + B

StEP 1: Determine the amplitude [A| and period T = 2_,—;-
[ii}

&
STeP 2: Determine the starting point of one cycle of the graph, —. Determine the ending point of one cycle of
[

the graph, L4 + 21 Divide the interval {c—b,ﬂ A 2—7'_} into four subintervals, each of length 2 + 4,
(i) w W w [ [
Step 3: Use the endpoints of the subintervals to find the five key points on the graph.
SteP 4: Plot the five key points with a sinusoidal graph to obtain one cycle of the graph. Extend the graph in
each direction to make it complete,

Step 5: If B # 0, apply a vertical shift.

Page 13 of 16
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Chapter 6: Trigonometric Functions

Phase shift: y =SIN(W X- f ) and y=cosiw x-f ), w>o0

Sketch one cycle of the graph of y=sn(2x-p)=

Steps for Fitting Data to a Sine Functiony = Asin(wx — &) + B

StEP 18

STEP 28

STEP 3:

StEP 4:

Determine A, the amplitude of the function.

largest data value — smallest data value
2
Determine B, the vertical shift of the function.

Amplitude =

largest data value + smallest data value
2

Vertical shift =

Determine w. Since the period 7, the time it takes for the data to re-
i

peat,is T = —, we have
w

Determine the horizontal shift of the function by using the period of
the data. Divide the period into four subintervals of equal length.
Determine the x-coordinate for the maximum of the sine function
and the x-coordinate for the maximum value of the data. Use this

103
information to determine the value of the phase shift, —.
(3]

Page 14 of 16
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To celebrate the new millennium, British Airways announced its plans to fund
construction of the world's largest ferris wheel to be located on the south bank of the rive
Thames in London. The ferris wheel will measure 500 feet in diameter, will carry up to
1400 passengers in 60 capsules, and will turn continuously completing a single rotation
once every 20 minutes.

t f(t)
(min) | (feet)

5

10

15

20

25

30

35

40

45

50

55

60

65

70

75

80
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Sinusoidal Functions

1. Findtwo functions f (x) = Acos(wx) + B and f (x) = Adn(wx- f )+ B for the graph below.

TAN AN

260

V.V U\

20 40 B0 a0

2. The graph shows the graphsof y = sinx and y =23n x. Which

function is y = 2€n x ? Find values of a and b. b L

f(x

3. Household electrical power in the US is provided in the form of alternating current. Typically voltage cycles
smoothly between +155.6 volts and —155.6 volts 60 times per second. Use a cosine function to model the
alternating voltage.

4. Describe the shifts of the graph of g with respect to the graph of f:

g(x)=-3+ sinﬁé‘a%fx +%g and f (x) =sin(4x)

a) % left, 3 down b) % right, 3 down

c) % left, 3 down d) % right, 3 up
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